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We calculate the leading O(α4s ) contributions to the invariant mass distribution of top-quark pairs
produced at the Tevatron and LHC, in the limit where the invariant mass of the tt¯ pair approaches
the partonic center-of-mass energy. Our results determine at NNLO in αs the coeﬃcients of all singular
plus distributions and scale-dependent logarithms in the differential partonic cross sections for qq¯, gg →
tt¯ + X . A numerical analysis showing the effects of the NNLO corrections on the central values and
scale dependence of the invariant mass distribution is performed. The NNLO corrections are found to
signiﬁcantly enhance the cross section and reduce the perturbative uncertainties compared to the NLO
calculation.
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The top quark is the heaviest known particle in the Standard
Model (SM) of fundamental interactions. Because of its large mass,
it is expected to couple strongly with the ﬁelds responsible for
electroweak symmetry breaking, and the detailed study of top-
quark properties is likely to play a key role in elucidating the origin
of particle masses. In addition to observables such as the top-quark
mass and total inclusive top-quark pair production cross section,
differential cross sections are also of interest. For instance, the tt¯
invariant mass distribution can be used to measure mt [1], and
in searches for physics beyond the SM. The presence of bumps in
the smoothly decreasing tt¯ invariant mass distribution would be
a clear signal of an s-channel heavy resonance [2], which is pre-
dicted in many beyond-the-SM scenarios [3].
To date, thousands of top-quark events have been observed by
two different experiments at the Fermilab Tevatron, and the top-
quark mass has been extracted at the percent level. Searches for
narrow width particles decaying into top-quark pairs have been
pursued [4], and results for the top-pair invariant mass distribution
were recently obtained from data collected by the CDF Collabo-
ration [5]. The experiments at the LHC are expected to observe
millions of top-quark events per year already in the initial low-
luminosity phase, bringing the study of top-quark properties into
the realm of precision physics. In particular, the total inclusive top-
quark pair production cross section is expected to be measured
* Corresponding author.
E-mail address: neubertm@uni-mainz.de (M. Neubert).0370-2693/$ – see front matter © 2010 Elsevier B.V. All rights reserved.
doi:10.1016/j.physletb.2010.03.048with a relative error of 5% to 10% at the LHC [6]. To make optimal
use of the data requires equally precise theoretical predictions for
the measured observables.
Theoretical calculations in QCD rely on the factorization formula
for the differential cross section, which is of the form
dσ =
∑
Cij ⊗ f i ⊗ f j, (1)
where the symbol ⊗ stands for a convolution. The hard-scattering
kernels Cij are related to the partonic cross section and can be
calculated as a series in αs , whereas the f i are parton distribu-
tion functions (PDFs) for the partons i = q, q¯, g in the incoming
hadrons and must be extracted from data. Current theoretical pre-
dictions are based on next-to-leading order (NLO) calculations of
the total cross section [7–10] and differential distributions [11,12]
in ﬁxed-order perturbation theory, supplemented with soft gluon
resummation to next-to-leading-logarithmic (NLL) order [13–17].
The NLO computations suffer from theory uncertainties larger than
10%, both for Tevatron and LHC center-of-mass energies. These un-
certainties are due to our imperfect knowledge of the parton dis-
tribution functions, and also to the truncation of the perturbative
series in the strong coupling constant, which introduces a depen-
dence on the unphysical renormalization and factorization scales
into physical predictions. This theoretical uncertainty is typically
reduced by including more terms in the perturbative series, and for
this reason the calculation of the differential partonic cross section
to next-to-next-to-leading order (NNLO) has been an area of active
research [18–22]. However, due to the complexity of the diagram-
matic calculations, complete NNLO results are not yet available. In
the absence of full results, there has been much recent activity in
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resummation for the total cross section near production threshold
[23–27], but the analogous results for differential cross sections re-
main unknown.
The goal of this Letter is to present a subset of the NNLO cor-
rections to the hard-scattering kernels for the tt¯ invariant mass
distribution at hadron colliders. In particular, we focus on the re-
gion where the invariant mass M of the top-quark pair approaches
the partonic center-of-mass energy
√
sˆ, and compute NNLO cor-
rections to the hard-scattering kernels for the qq¯ and gg channels
at leading order in 1 − z, where z = M2/sˆ → 1 in the thresh-
old region. The leading-order term in this threshold expansion
for the differential cross section is equivalent to the virtual-soft
approximation, and is written in terms of singular plus distri-
butions and delta functions in the variable 1 − z. Our results
determine the coeﬃcients of all plus distributions of the form
[lnn(1− z)/(1− z)]+ , as well as all μ-dependent pieces multiplying
the δ(1− z) term, whereas a remaining piece of the delta-function
coeﬃcient is left undetermined. The basis for our calculations is
a factorization formula for the hard-scattering kernels in the par-
tonic threshold region, and is described in Section 2. In this region,
the hard-scattering kernels factorize into products of hard func-
tions, related to virtual corrections, and soft functions, related to
real emission in the soft limit [13]. These functions satisfy certain
renormalization-group equations, which determine their depen-
dence on the scale μ. By calculating the hard and soft functions
at one-loop order, and using results for the two-loop anomalous
dimensions recently derived in [28–31] (see also [32–36]), the μ-
dependent logarithms in the hard and soft functions can be de-
termined exactly to NNLO using the renormalization group. The
logarithms in the soft function are of the form ln(sˆ(1 − z)2/μ2),
and uniquely determine the coeﬃcients of the [lnn(1− z)/(1− z)]+
distributions. This is similar in spirit to the calculations of [16] for
the soft corrections to the NNLO differential cross section using
threshold resummation techniques in Mellin space, but goes be-
yond those results by completely determining the coeﬃcient of the
[1/(1 − z)]+ distribution, which is sensitive to process-dependent
two-loop anomalous dimensions. In Section 3 we perform a short
numerical analysis illustrating the impact of the NNLO corrections
on the central values and scale dependence of the tt¯ invariant
mass distribution.
2. NNLO corrections at threshold
In this section we discuss our method for determining NNLO
corrections to the differential pp(pp¯) → tt¯ + X cross section in the
threshold region. To describe the threshold region we introduce
the variables
z = M
2
sˆ
, τ = M
2
s
, ρ = 4m
2
t
M2
, (2)
where M is the invariant mass of the tt¯ pair,
√
s is the hadronic
center-of-mass energy, and
√
sˆ is the partonic center-of-mass en-
ergy. We deﬁne the threshold region as the limit z → 1, with
ρ = 4m2t /M2 a generic O(1) variable, which is however not too
close to unity. Note that this is different from the threshold limit
ρ → 1 often used for the total cross section.
The calculation of the differential cross section in the thresh-
old region is greatly simpliﬁed, since there is little phase space
available for real gluon emission. Hard emissions are suppressed by
powers of 1 − z, and the partonic scattering process is dominated
by hard virtual corrections and the real emission of soft partons,
which can be calculated in the eikonal approximation and expo-
nentiate into Wilson lines. The phase space for these processes is
effectively two-body, and the fully differential cross section can bewritten in terms of the kinematic variables entering the Born-level
result.
At the Born level the differential cross section receives contri-
butions from the quark–antiquark annihilation and gluon fusion
channels
q(p1) + q¯(p2) → t(p3) + t¯(p4),
g(p1) + g(p2) → t(p3) + t¯(p4). (3)
The partonic cross section is a function of the kinematic invariants
sˆ = (p1 + p2)2, t1 = (p1 − p3)2 −m2t ,
u1 = (p1 − p4)2 −m2t , (4)
and momentum conservation implies sˆ+ t1 + u1 = 0. The hadronic
cross section is obtained from the partonic one by convoluting
with PDFs. The fully differential cross section involves three vari-
ables, which can be chosen, for instance, as the invariant mass and
rapidity of the tt¯ pair, and the scattering angle θ between p1 and
p3 in the partonic center-of-mass frame. The kinematic invariants
in (4) can be written in terms of these variables according to
sˆ = M
2
z
, t1 = −M
2
2
(1− β cos θ), β =√1− ρ. (5)
Less differential results are derived by integrating the triply differ-
ential rate over the appropriate phase space.
In this Letter we will be interested in the invariant mass distri-
bution of the tt¯ pair. We shall write this distribution at threshold
as
dσ thres
dM
= 8πβ
3sM
1∫
τ
dz
z
[
ff gg
(
τ
z
,μ
)
Cgg(z,M,mt ,μ)
+ ff qq¯
(
τ
z
,μ
)
Cqq¯(z,M,mt ,μ)
]
+O(1− z), (6)
where we have introduced the parton luminosity functions
ff i j(y,μ) =
1∫
y
dx
x
fi(x,μ) f j(y/x,μ). (7)
For simplicity, we set the factorization and renormalization scales
equal and refer to them as μ. The luminosities for qq¯ are un-
derstood to be summed over all species of light quarks, and we
have made explicit that mixed channels such as qg are power sup-
pressed by 1 − z in the threshold region [13]. The hard-scattering
kernels Cij factorize into hard functions, related to virtual correc-
tions, and soft functions, related to soft real emissions [13]. The
result is
Ci(z,M,mt ,μ) =
1∫
−1
d cos θ Tr
[
H i(M,mt, cos θ,μ)
× S i
(√
sˆ(1− z),M,mt , cos θ,μ
)]
. (8)
We have used a label i = qq¯, gg to distinguish the different par-
tonic channels, but will suppress it in the formulas below, referring
instead to a single coeﬃcient function. Note that the hard and soft
functions are matrices in a color decomposition of the QCD am-
plitudes. We have used sˆ = M2/z ≈ M2 everywhere except in the
ﬁrst argument of the soft function, since we expect that the ex-
act results contain logarithms of the form ln(sˆ(1 − z)2/μ2), as in
the case of Drell–Yan production [37]. In [38], we will give details
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effective theory.
The perturbative expansion of the hard-scattering kernel can be
written as
C = α2s
[
C (0) + αs
4π
C (1) +
(
αs
4π
)2
C (2) + · · ·
]
. (9)
The purpose of this Letter is to present new results for the NNLO
coeﬃcient C (2) . As mentioned in the introduction, our derivation
relies on the renormalization-group equations for the hard and
soft functions. The soft function contains singular plus distribu-
tions, and its renormalization-group equation is non-local. It is
convenient to avoid this complication by working instead with the
Laplace transform of the soft function [39,40], deﬁned as
s˜(L,M,mt , cos θ,μ) =
∞∫
0
dω e−σω S(ω,M,mt , cos θ,μ),
σ = 1
eγEμeL/2
. (10)
Whereas the soft function contains distributions, the Laplace-
transformed function is a polynomial in its ﬁrst argument and
satisﬁes a local evolution equation. To rewrite the hard-scattering
kernel in terms of this function, we introduce the notation
c˜(∂η,M,mt , cos θ,μ)
= Tr[H(M,mt , cos θ,μ)˜s(∂η,M,mt , cos θ,μ)], (11)
where ∂η is a differential operator with respect to an auxiliary
variable η. The factorization formula for the hard-scattering ker-
nel then takes the form [38]
C(z,M,mt ,μ) =
1∫
−1
d cos θ c˜(∂η,M,mt , cos θ,μ)
(
M
μ
)2η
× e
−2γEη
Γ (2η)
z−η
(1− z)1−2η
∣∣∣∣
η=0
. (12)
To evaluate the above formula in terms of distributions in the
variable z, one must use analytic continuation to regulate the di-
vergence at z → 1, take derivatives with respect to the auxiliary
variable η, and then set η → 0. This procedure yields results in
the form of plus distributions and delta functions given in (21) be-
low.
From the above discussion, we conclude that it is suﬃcient to
focus on the calculation of c˜ at NNLO. Deﬁning its perturbative
expansion in analogy with (9), and using the expansions
H = α2s
[
H (0) + αs
4π
H (1) +
(
αs
4π
)2
H (2) + · · ·
]
,
s˜ = s˜(0) + αs
4π
s˜(1) +
(
αs
4π
)2
s˜(2) + · · · , (13)
for the hard and soft functions (8), the result at NNLO reads
c˜(2)(∂η,M,mt , cos θ,μ)
= Tr[H (2) s˜(0)]+ Tr[H (0) s˜(2)]+ Tr[H (1) s˜(1)]
=
4∑
j=0
c(2)j (M,mt, cos θ,μ)∂
j
η. (14)
In the second line we have deﬁned expansion coeﬃcients mul-
tiplying explicit powers of ∂η . We see that obtaining a completeresult for the threshold expansion at NNLO would amount to cal-
culating the hard and soft matrices to this order. Although the
NLO coeﬃcient c˜(1) can be extracted from known results for the
virtual corrections and real emissions in the soft limit, the hard
and soft matrices themselves are so far unknown, except for in
the absolute threshold limit ρ → 1 [25,26]. A main result of our
work is the calculation of these functions at NLO, for both the qq¯
and gg channels; details of the calculation will appear in [38]. As
for the NNLO corrections, we will show in what follows that it is
possible to extract all of the coeﬃcients except for c(2)0 by using
the renormalization-group equations for the hard and soft func-
tions, along with the one-loop results and the two-loop anomalous
dimensions from [29–31]. The renormalization group also deter-
mines the μ-dependent logarithms in this remaining term, but to
obtain the scale-independent piece would require to evaluate at
NNLO the virtual corrections and soft real emissions.
We now sketch how to calculate the coeﬃcient in (14) using
the evolution equations for the hard and soft functions. The hard
function satisﬁes [13]
d
d lnμ
H(M,mt , cos θ,μ) = Γ HH(M,mt, cos θ,μ)
+ H(M,mt, cos θ,μ)Γ †H , (15)
where Γ H is given by the matrices Γ qq¯ or Γ gg from [31]. The
anomalous dimensions to two-loop order can be decomposed as
Γ H = Γcusp(αs)
(
ln
M2
μ2
− iπ
)
1+ γ h(M,mt , cos θ,αs), (16)
where the object γ h is deﬁned through a comparison with the
explicit results of [31], and Γcusp is equal to CFγcusp for qq¯ and
CAγcusp for gg , with γcusp the universal cusp anomalous dimen-
sion. The evolution equation for the soft function follows from that
for the hard functions and PDFs, along with RG-invariance of the
cross section. The result is [38]
d
d lnμ
s˜
(
ln
M2
μ2
,M,mt , cos θ,μ
)
= Γ †s˜s
(
ln
M2
μ2
,M,mt , cos θ,μ
)
+ s˜
(
ln
M2
μ2
,M,mt , cos θ,μ
)
Γ s, (17)
where the soft anomalous dimension is given by
Γ s = −
[
Γcusp(αs)
(
ln
M2
μ2
− iπ
)
+ 2γ φ(αs)
]
1
− γ h(M,mt, cos θ,αs). (18)
The object γ φ is deﬁned through the large-x limit of the Altarelli–
Parisi splitting functions, which reads
P (x) = 2Γcusp(αs)
(1− x)+ + 2γ
φ(αs)δ(1− x). (19)
Since the anomalous dimensions for the hard function and PDFs
are known to two-loop order, we can calculate that of the soft
function to this order.
Given the evolution equations, the anomalous dimensions, and
the one-loop hard and soft matrices, it is a simple matter to de-
duce a general expansion of the form
Tr
[
H (n) s˜(0)
]
(M,mt , cos θ,μ) =
2n∑
h(n)j (M,mt , cos θ) ln
j M
2
μ2
,j=0
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[
H (0) s˜(n)
]
(∂η,M,mt , cos θ) =
2n∑
j=0
s(n)j (M,mt , cos θ)∂
j
η, (20)
and to calculate all of the coeﬃcients up to h(2)0 and s
(2)
0 , which are
left undetermined. Along with the Tr[H (1)˜s(1)] contributions, these
determine c(2)1 , . . . , c
(2)
4 in (14), as well as the μ-dependent piece
of c(2)0 .
The hard-scattering kernel C is obtained by evaluating (12). In
doing so, powers of ∂η in c˜ are converted into delta functions and
plus distributions in the variable z. The ﬁnal result can be written
as
C (2)(z,M,mt ,μ)
=
1∫
−1
d cos θ
{
D3
[
ln3(1− z)
1− z
]
+
+ D2
[
ln2(1− z)
1− z
]
+
+ D1
[
ln(1− z)
1− z
]
+
+ D0
[
1
1− z
]
+
+ C0δ(1− z) + R(z)
}
. (21)
Explicit results for the coeﬃcients in both the gg and qq¯ chan-
nels as functions of the variables (M,mt , cos θ,μ) are given in
the computer program attached with the electronic version of
this article. We stress that the coeﬃcients D0, . . . , D3 are com-
pletely determined from our calculations. The coeﬃcient C0, on
the other hand, is correct only in its μ-dependence. It also re-
ceives scale-independent contributions related to the translation
from c˜ to C , and from the product of NLO hard and soft functions,
which we discard for consistency. To determine the remaining
scale-independent piece would require a complete NNLO calcula-
tion of the hard and soft matrices. Note that, because this piece is
unknown, the expansion of C0 in terms of ln(M2/μ2) considered
so far is not unique: expansions in terms of ln(m2t /μ
2) (or other
choices) still satisfy the same evolution equations. In our phe-
nomenological study in the next section we shall consider these
two different expansions as one indication of systematic errors re-
lated to the missing, scale-independent piece of C0. The function
R(z) is ﬁnite in the limit z → 1 and is not determined from the
leading-order threshold expansion. However, it receives a contri-
bution related to the z−η factor in (12). We choose to keep these
contributions when evaluating the NLO corrections, but drop them
from the NNLO ones. Our results for D1, D2, D3, and the μ-
dependent terms agree with [16], while the exact result for D0
contains process-dependent two-loop effects and is new.
The coeﬃcients Di and C0 do not depend on the variable z. It
is therefore possible to convolute the plus distributions and delta
function with the luminosities as in (6). For the phenomenolog-
ically interesting values of 0.03 < τ < 0.3 discussed in the next
section, we can then make a few general comments concerning
the hierarchy of the different plus-distribution and delta-function
terms. The contribution of the leading [ln3(1− z)/(1− z)]+ distri-
bution is the largest in all cases. The [ln2(1 − z)/(1 − z)]+ distri-
bution is the second largest, its contribution being about 1/3 that
of the leading one. The contribution of the delta-function is about
10–20% of the leading plus distribution, and is of comparable size
to the [ln(1− z)/(1− z)]+ and [1/(1− z)]+ distributions.
3. Phenomenological applications
In this section we study the phenomenological implications of
our results. The main goal is to show the impact of the NNLOcorrections on the central values and perturbative uncertainties of
the tt¯ invariant mass distributions at the LHC and Tevatron. How-
ever, given that our NNLO results are incomplete, it is important
to clarify under what conditions they are expected to give a good
approximation to the full results. While it is diﬃcult to assign a
systematic uncertainty to an unknown correction, we can examine
in parallel how well the same approximation works at NLO, and
use this as an indication of its expected validity at NNLO.
At NLO we can compare the following three calculations of the
invariant mass distribution:
1. The full result, given by the Monte Carlo program MCFM [41].
2. The full threshold expansion, which is equivalent to the full
result at leading order in 1− z.
3. The approximate threshold expansion, which is equivalent to
the full result at leading order in 1 − z for the plus distribu-
tions and μ-dependent terms, but not in the μ-independent
piece of the delta-function term. Here we also have the choice
of writing the logarithms in the delta-function coeﬃcients in
terms of ln(m2t /μ
2) or ln(M2/μ2).
4. The approximate threshold expansion, where the delta-func-
tion term is neglected entirely.
To the extent that the second, third, and forth options agree
well with the full result at NLO, it would seem plausible that
our NNLO result, which is limited to the third and forth options,
might also agree well with the full NNLO result, which is unknown.
We thus investigate these different approximations to the invari-
ant mass distributions for a range of M and μ, and study under
what circumstances they show a reasonable agreement. The naive
expectation would be that they agree only at very high values of
the invariant mass, since then τ = M2/s → 1 and the integrand
in (6) is needed only in the z → 1 limit. Moreover, the integrals
over the plus distributions in (21) are more singular at τ → 1 than
the unknown portion of the correction proportional to the delta
function. However, due to the rapid fall-off of the PDFs at large x,
the distribution at very high τ is diﬃcult to measure. The most
interesting region for phenomenology would be from M ∼ 2mt to
around 1 TeV at the Tevatron and up to several TeV at the LHC;
this region of the invariant mass corresponds to τ < 0.3. In or-
der for our results to be a good approximation in this region, it
is necessary that the luminosity functions ff i j(τ/z,μ) fall off so
fast for τ/z → 1 that only the largest values of z give signiﬁcant
contributions to the integrand in (6). In that case, a dynamical en-
hancement of the partonic threshold region may occur, even if τ
is not close to unity [37,42,43]. The agreement of the three differ-
ent approximations at moderate values of τ is thus a measure of
whether this dynamical enhancement actually occurs.
With these points in mind, we begin by comparing the exact
result and the complete threshold expansion at NLO. The results
are shown in Fig. 1. Here and throughout the analysis we use the
MSTW2008 NNLO PDFs [44], take αs(MZ ) = 0.117 with three-loop
running in the MS scheme with ﬁve active ﬂavors, and use mt =
173.1 GeV in the pole scheme. We use the same set of PDFs at
each order of perturbation theory so as to better illustrate the size
of the different perturbative contributions to the hard-scattering
kernels Cij . We choose μ = 2mt as the central value and vary it
between mt and 4mt . For the case of the Tevatron, we see that the
threshold expansion is in good agreement with the full result even
at values M ∼ 2mt , where τ ≈ 0.03, and gets progressively better
at higher values of M . The situation is only slightly worse for the
LHC with
√
s = 10 TeV, even though the value of τ for a given M
is about 25 times smaller. We also note that at LHC energies the
threshold expansion matches the exact result better at the higher
value of μ = 4mt than at μ = mt . In what follows, we shall also
V. Ahrens et al. / Physics Letters B 687 (2010) 331–337 335Fig. 1. Ratio K = (dσ/dM)/(dσ LO(μ = 2mt )/dM) versus the tt¯ invariant mass M for the Tevatron (left) and the LHC with √s = 10 TeV (right). The binned histograms show
the exact NLO results from the Monte Carlo program MCFM [41], while the solid curves are obtained from the threshold expansion at NLO. In each case the upper lines
correspond to μ =mt and the lower ones to μ = 4mt .
Fig. 2. Scale dependence of the tt¯ invariant mass distribution at the Tevatron (upper plots) and LHC (lower plots), for two different values of M . The dotted, dashed, and solid
lines show results obtained using the threshold expansion at LO, NLO, and NNLO, respectively. The long-dashed black lines are obtained using the full threshold expansion
at NLO. The light-grey (dark-grey) lines correspond to the approximate threshold expansion (option 3), in which the logarithms in the delta-function coeﬃcients are written
in terms of ln(m2t /μ
2) (ln(M2/μ2)), and the black lines to the threshold expansion where the delta-function term is dropped altogether (option 4).explore the scale choice μ ∼ M . Since such a choice is not practical
in the Monte Carlo program MCFM, from now on we shall use the
exact threshold expansion to represent the full NLO result, keeping
in mind the good agreement seen in Fig. 1.
We next investigate in more detail the approximate thresh-
old expansions (options 3 and 4 above) at NLO and NNLO. In
Figs. 2 and 3 we compare the full threshold expansion at NLO
with the different approximate expansions at the same order, and
also show the approximate expansions at NNLO (these are gen-
erated by adding the NNLO corrections to the full threshold ex-
pansion at NLO). In Fig. 2 we show the differential cross section
as a function of μ for two different values of M . We notice thatthe different approximations at NLO show better agreement with
the full threshold expansion for higher values μ ∼ M , especially at
LHC energies, where the NLO approximations at lower values of μ
differ greatly from the full results. At NNLO, the different approx-
imations in options 3 and 4 do not differ substantially from one
another, when one considers their highest and lowest values in
the range M/2 < μ < 2M , which is how perturbative uncertainties
are typically estimated. In Fig. 3 we show results for the same ap-
proximations at NLO and NNLO, but this time as a function of M .
Given the better agreement at higher μ observed in the previous
two ﬁgures, we have made the default choice μ = M . We observe
that at NLO the approximate threshold expansions recover a signif-
336 V. Ahrens et al. / Physics Letters B 687 (2010) 331–337Fig. 3. Ratio K = (dσ/dM)/(dσ LO(μ = M)/dM) versus the tt¯ invariant mass M for the Tevatron (left) and LHC (right), for the default scale choice μ = M . The dashed and
solid lines show results obtained using the threshold expansion at NLO and NNLO, respectively. The black-dashed lines are obtained using the full threshold expansion at
NLO. The light-grey (dark-grey) lines correspond to the approximate threshold expansion (option 3), in which the logarithms in the delta-function coeﬃcients are written in
terms of ln(m2t /μ
2) (ln(M2/μ2)).
Fig. 4. Top: Ratio K = (dσ/dM)/(dσ LO(μ = M)/dM) versus the tt¯ invariant mass for the Tevatron (left) and LHC (right), with the factorization scale varied in the range
M/2 < μ < 2M . The light bands between the dotted lines correspond to the threshold expansion at LO, the medium bands between the dashed lines to NLO, and the dark
bands between the solid lines to NNLO. Bottom: Same as above, but for the invariant mass distribution dσ/dM .icant portion of the exact NLO correction, both at the Tevatron and
LHC. It is not unreasonable to expect that the same is true of our
approximate NNLO results, although they are clearly no substitute
for a complete NNLO computation.
In Fig. 4 we show the invariant mass spectrum as a function
of M , with bands representing the uncertainty associated with
scale variations in the range M/2 < μ < 2M . For the NNLO result,
we have displayed only the approximate threshold expansion in
which the logarithms in the delta-function coeﬃcient are written
in terms of ln(M2/μ2); those in the other two NNLO approxi-
mations are similar, and very nearly contained within this band.
At both the Tevatron and the LHC we note a reduction of scale
uncertainty upon including the NNLO corrections, which is the
expected beneﬁt of including more terms in the perturbative ex-
pansion. However, we must also observe from Fig. 2 that at NLOthe perturbative uncertainty estimated by varying the scale in the
range M < μ < 2M in the approximate threshold expansions is ac-
tually smaller than in the complete threshold expansion at both
M = 400 GeV and M = 1000 GeV at the LHC. We thus cannot rule
out that the very small uncertainty of the NNLO result at small
values of M is also an underestimate.
4. Conclusions
We calculated O(α4s ) contributions to the tt¯ invariant mass
distribution at hadron colliders. The calculation was based on an
effective ﬁeld-theory approach to the factorization of the pertur-
bative hard-scattering kernels into matrix-valued hard and soft
functions in the partonic threshold region sˆ  M2. At the tech-
nical level, it involved calculating the hard and soft functions at
V. Ahrens et al. / Physics Letters B 687 (2010) 331–337 337NLO, and then determining at NNLO the logarithmic μ-dependence
of these functions using the renormalization group and recent re-
sults for two-loop anomalous dimensions. Our computations yield
exact results for the coeﬃcients of all singular plus distributions
and μ-dependent logarithms in the differential partonic cross sec-
tion at NNLO, in the limit where the invariant mass of the tt¯ pair
approaches the partonic center-of-mass energy. They agree with
those previously obtained in [16] using a Mellin-space approach
to soft gluon resummation, but go beyond them by uniquely de-
termining the coeﬃcient of the [1/(1 − z)]+ distribution, which
contains process-dependent two-loop effects related to anomalous
dimensions of the soft and hard functions. To obtain the missing
scale-independent piece of the delta-function term would require
the exact two-loop calculation of these functions.
In Section 3 we performed a numerical study of the tt¯ invariant
mass distribution at Tevatron and LHC energies. In both cases, we
noted the expected decrease in scale uncertainty after including
the NNLO corrections, and also noticeable changes in the central
values, especially at higher values of the invariant mass. Given
that our NNLO result is still incomplete, even in the threshold re-
gion, part of our analysis was focused on determining how well the
analogous approximation works at NLO. We observed that at NLO
the full result in QCD and its exact threshold expansion agree fairly
well. The same was true of the approximate threshold expansion
at NLO, where the scale-independent pieces of the delta-function
term are neglected. This provides some evidence that the steep
fall-off of the PDFs at large x induces a dynamical enhancement of
the partonic threshold region, which would mean that the terms
we have calculated at NNLO provide a useful approximation to the
full result.
Our ﬁnding that the NNLO perturbative corrections, which we
have calculated in this Letter, have quite an important impact in
the region of large invariant masses, as seen in Fig. 4, provides a
strong motivation for improving this estimate with more sophisti-
cated calculations. We expect that the scale dependence indicated
by the width of the various bands in the ﬁgure can be reduced
signiﬁcantly by resumming the partonic threshold logarithms to
all orders in perturbation theory. Based on the results presented
here and in [30,31], such a resummation is now possible at NNLL
order. It will be discussed in a forthcoming paper [38]. Ultimately,
however, only a complete NNLO calculation of the spectrum will
provide us with a complete picture of the true residual uncertainty
in the theoretical predictions.
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